Numerical solution of the Goursat problem by a nonlinear trapezoidal formula  by Evans, D.J. & Sanugi, B.B.
Appl. Math. Lett. Vol. I, No. 3, pp. 221-223, 1988 
Printed in Great Britain 
0893-9659/88 $3.00 + 0.00 
Pergamon Press plc 
NUMERICAL SOLUTION OF THE GOURSAT PROBLEM BY A 
NONLINEAR TRAPEZOIDAL FORMULA 
D.J. EVANS, B.B. SANUGI 
Loughborough University of Technology; University of Technology, Kuala Lumpur 
Abstract. In this paper the solution of the Goureat problem is obtained by the use of a 
nonlinear Trapezoidal formula based on geometic means. The numerical results indicate 
the new strategy to be superior. 
1. INTRODUCTION 
We will now consider the solution of the Goursat problem, 
- f(x, Y, % uz, %/) 
u(x, 0) = $),u(O, y) = 7(y), 6(O) = 7(O) 
O<x<a,O<y<b. 
(1.1) 
by using a nonlinear trapezoidal integration formula. 
The Trepezoidal formula for solving this problem has been discussed by several authors 
including Day [ 19661, J ain and Sharma [1968], Stetter and Torning [1963]. The Trape- 
zoidal rule for solving (1.1) is given by, 
ui+l,j+l + ‘lij - Ui+l,j = ah2 Lfi+l*j+l + fii + fi,j+l + fi+l,i], (l-2) 
where fij = f(xi, Yj, u;j, (~z);jt (uy)ij, with difference replacements for (uz)ij and (uv)ij 
given by, 
(uz)ij = tui+bj - %) or (% - ui-lqj) and (uv)ij = (“i,j+l - uij) or (“ij - fli,j-1). 
h h h h 
The RHS of (1.2) can be viewed as the arithmetic mean (AM) of the four function values 
at the four edges of the square region currently being considered given by xi 5 x 5 xi+12 
yj < y 5 yj+l. The formula is implicit and is solved at each point by an iterative process 
which uses the starting values, 
(0) 
ui+l,j+l = i(%+l,j + ui,j+l) 
(t&)!O) *+1,3+1 = t (Ui+l,j - uij) (1.3) 
(u )!O' y *+1,3+1 = i(Ui,j+l - Uij). 
Note that this formual requires the storage of the function values at all the edges of the 
square other than at point (xi+l,yi+l) to avoid re-evaluation. Evaluations are started 
at the initial lines and subsequent evaluations are carried out while evaluating w+l,j+l. 
Gourlay [1970] also proposed the analogue of his modified Trapezoidal formula for the 
solution of this problem. No mention is made of his initial formula but rather stresses 
that his modified formula is as competitive, if not more accurate than the original one, 
and also with added simplicity. This formula is given by, 
%+l,j+l + Uij - Ui+l,j - Ui,j+l = h2f(x;+~,Y;+3,U*,P*,Q*), (1.4) 
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uL* = ;( Ui+l~j+l + Uij + Ui+l,j + Ui,j+l), (1.5i) 
P*=&( ui+l,j+l - Ui,j+l + Ui+l,j - Uij), (1.5ii) 
Q* = &(ui+l,j+l - Ui+lj + Ui,j+l - Uij), (1.5iii) 
and the truncation error is of order h4. 
Since this formula is implicit, the iterative process with starting values given by (1.3) 
may be used to iterate with 
where 
u*(m) = ’ uiyj,j+l + Uij + Ui+l,j + Ui j+l), 4( WI 
etc. 
2. A NONLINEAR TRAPEZOIDAL FORMULA 
We may modify formula (1.2) into the following form by the use of geometric means, i.e., 
ui+l,j+l + “ij - tli+l,j = *h21fi+l,j+lfijfi,j+lfi+l,jll/4, (2.1) 
with the method of implementation as given earlier. The only problem is to determine 
the sign of the quantity of the RHS. If we take the sign to be sign = sign(fi+r,j+r + 
fij + f;,j+r + fi+r,j), then formula (2.1) is similar to formula (1.2) but the numerical 
value of the RHS. An error analysis will show whether this quantity is closer to the exact 
value than in formula (1.2). 
The only drawback, as always with the geometric mean (GM) formula is the extra time 
needed for the determination of the sign and in taking the roots. Following the stability 
argument for solving y’ = X(z)y using the GM formula, we may now claim that this 
formula would be as competitive as the Gourlay formula for solving problems with varying 
eigenvalues. 
However,for the sake of simplicity in the computation,we may introduce further Gourlay’s 
version of this formula which is given by, 
Ui+l,j+l + Uij - Ui+l,j - Ui,j+l = h2f(Zi+?,yj+?,U*,p*,q*), (2.2) 
where 
U* = I”i+l,j+lUijUi+l,jUi,j+ll , 
114 (2.3i) 
P* = $$Ui+ lvj+l - Ui,j+l + Ui+l,j - Uij , 1 (2.3ii) 
q*=$ w+l,j+l - Ui+l,j + Ui,j+l - Uij), (2.3iii) 
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Alternatively, we may substitute equations (2.3ii) and (2.3iii) with, 
p* = ; (%+l,j+l - ui,j+l)(ui+l,j - Wj), 
and 
q* = ; d(%+l.j+l - %+l,j)(%,j+l - %j)9 
o obtain a formual which is completely based on the geometric means. 
3. NUMERICAL EXAMPLE 
We will consider the example discussed by Day (19661 and Gourlay [1970], in which the 
error is taken to be the relative error, i.e., 





u(z,O) = z/2 - log(l+ e5), 
u(0, y) = y/2 - Iog(l + eY). 
The solution of this problems is 
u(z, y) = (Z + y)/2 - log(e2 + ey). 
By taking h = 0.05, errors for u were obtained as shown in Table 1 where the 
four formulae as indicated have been used. 
Thus the GM formula gives satisfactory results for the example discussed 
here. In particular, the GM formula and our GM version of Gourlay’s formula 
perform better than the corresponding AM and the Gourlay formulae. 
In addition to the advantage of being easy to program, Gourlay’s version of 
the Trapezoidal method and the version of the GM formula presented here 
requires less computer space and a smaller amount of computational work so 
that the average computing time is reduced by a factor of 0.5 to 0.7 of the 
time needed by the usual formulae depending on the given problems. 
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